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1. Introduction

Asymptotically AdS space-times have been investigated thoroughly in recent years due to
the AdS/CFT correspondence [[-[]. It relates the gravity in asymptotic AdS space-times
to dual conformal field theories (CFTs) living on the boundary of the AdS space-times.
In this correspondence, the boundary fields which set the boundary conditions of bulk
fields are identified with CFT sources which couple to gauge invariant operators. For
example, the boundary metric plays the role of the metric of the space-time on which
the dual field theory is defined; on the other hand, it is a source of the energy momentum
tensor of boundary CF'T. This requires the existence of space-times associated with general
Dirichlet boundary conditions for the metric. Such general boundary conditions include
the so-called asymptotically locally anti-de Sitter (AlAdS) space-times, which require only



asymptotically locally AdS, not exact AdS. Asymptotically exact AdS case has been studied
in the literatures, for example see [, f], and hereafter we call them AAdS space-times for
simplicity. Note that for the n-dimensional AAdS space-times, the boundary has the
topology R x 8”2, while for the AIAdS space-times, the topology of their boundary needs
not to be R x 8"~2. Due to the difference between the boundary topologies, some methods,
which are very powerful to calculate conserved charges for AAdS space-times, do not work
for A1AdS space-times.

Therefore, it is interesting to study the conserved charges in AIAdS space-times in
its own right. In the literatures, there are different methods to obtain conserved charges
for AAdS space-times, see for example, references [-[ll]. The comparison among these
notions of conserved charges in AAdS space-times has been made by Hollands et al. in a
recent paper [[J]. For AAdS space-times, the method of Ashtekar et al and the method
of “boundary counterterm” are independent of the reference background. Using these two
methods, one therefore needs not consider this reference background problem and can
get the conserved charges of AAdS space-times by straightforward calculations. However,
for the AIAdS space-times, those methods which rigorously depend upon the boundary
conditions of AAdS space-times would invalidate, because the boundary conditions of Al-
AdS space-times may be very different from those of AAdS space-times. For example,
the method of Ashtekar et al. [H, [[0] does not work for AIAdS space-times because the
boundary topology R x 8”72 is required in this method. Moreover, the definition of n-
dimensional AAdS space-times requires a condition that the product of the conformal factor
to the power of (3 —n) and the Weyl tensor of the unphysical space-time admits a smooth
limit on the conformal boundary [[{(]. This condition can not be fulfilled for general AIAdS
space-times. For example. one can easily check that the method of Ashtekar et al. does not
work for the asymptotically AdS space-times with Nut charges, which are typical AIAdS
space-times and will be discussed in the present paper.

Several methods have been proposed by some authors to define the conserved charges
in AIAdS space-times, such as the “holographic charges” studied in [[J, the method given
in [[4, [[§, and the superpotential method [[[§. In this paper, based on the recent work
of Hollands et al [[[J], we develop a method of calculating conserved charges in even di-
mensional AlAdS space-times by using the covariant phase space definition of Wald and
Zoupas [[4]. This method generalizes the formula of Ashtekar et al. such that we can
calculate conserved charges in even dimensional AIAdS space-times. This method is back-
ground dependent, and one has to specify a reference background before calculating the
conserved charges for these AIAdS space-times.

This paper is organized as follows. In the next section ], we briefly review the definition
of conserved charges given by Wald and Zoupas [[[7, and give explicit forms of some
related quantities in AIAdS space-times. In section [, we derive the formula of calculating
conserved charges in even dimensional A1AdS space-times by using the analysis of Hollands
et al. 1. Our formula generalizes the one given by Ashtekar et al.. In section [, using this
new formula, we calculate the masses of Taub-Bolt-AdS solutions by treating the Taub-Nut-
AdS space-times as the reference background. In section ], four dimensional Kerr-Taub-
Nut-AdS solution is discussed, and the mass and angular momentum associated to it are



calculated. Section [fis devoted to calculating the conserved charges for higher dimensional
Kerr-AdS solutions with Nut charges. In section [ we give the mass for (un)wrapped black
brane solutions. We end in section f with conclusion and discussion.

2. Wald’s definition and the boundary of AIAdS space-times

In differential covariant theories of gravity, Wald et al. ] developed a general prescription
to define “conserved charges” at asymptotic boundaries for any space-times. In this paper,
we will use this method to define the conserved charges dual to some asymptotic symmetry
generators of AIAdS space-times. For simplicity, we consider no matter case (i.e., gq are
the only dynamical fields), therefore the corresponding differential covariant Lagrangian of

n-dimensional AIAdS space-times (M, gqp) is:

1
L =
167G

[R —2A]€, (2.1)

where we have put the Lagrangian in the form of differential form and € is the volume
element. The variation of the Lagrange density L can be written as

oL = E®5g,, + dO, (2.2)

where @ is an (n—1)-form, which is called symplectic potential form, and it is a local linear
function of field variation. E% corresponds to the equations of motion. Their explicit forms

are
1 a
@al---an_l (gaba 6gab) = meal---an_lav (gaba 59(11)), (23)
1 1
E® = e R — iRgab + Ag?| e, (2.4)
where
v = g**V6gsp — 9"V gpe. (2.5)

The symplectic current (n — 1)—form w is defined by taking an antisymmetrized variation

of O:

1
Way-an_1 (gaba 5lgab7 529ab) = meal---anflawa(gaba 5lgab7 529ab)7 (26)
where w is a 1-form given by
W (Gabs 019abs 029ab) = P (6196cV 402get — 020V ad1ges), (2.7)
where
abede f ae  fb _cd 1 ad be fc 1 ab cd ef 1 be jae fd 1 be ad ef
P =9%g""9" — 59979 — 59799 — 59799’ + 597" 9. (2.8)

2 2 2 2

The integral of the symplectic current form over an (n — 1)—dimensional submanifold %

on M gives the presymplectic form,

Q5(9,919,029) :/w(97519,529)7 (2.9)
D



where M = M U B is the conformal completion of M with the boundary manifold B.
The presymplectic structure €2y, does not depend on the choice of ¥ if §1¢g and dog satisfy
linearized field equations and g has suitable asymptotic condition [[[1-P0]. Here we have
assumed that “kinetically” allowed field space F has been defined such that w can be
extended continuously to B for all §;¢ and ¢ tangent to the solution subspace F and ¥
has an unambiguous boundary 0% in B.

The “conserved charges” H : F — R associated with a vector field £% representing an
asymptotic symmetry defined by using presymplectic form in [[L7] satisfies

0H¢ = Qx(g;69,Leg), (2.10)

for an arbitrary §¢g which is tangent to field space F at point g of the solution subspace F.
One can put it in the form [Rd]

§H — / £96C, + / pQ—¢- 0], (2.11)
b} ox
where 1
Qui.any = _W(vbgc)ebcm---anfz- (2.12)

If the equations of motion hold, then C, = 0, i.e., C, correspond to “constraints” of the
theory. Equation (B.19) defines the Noether charge (n — 2)-form, Q. If dg is tangent to F,
or satisfies linearized field equations, then (R.11) becomes

SHe = /az[(sg —¢-0] (2.13)

It was shown in [[7] that if w = 0 on B (case I), or £ is everywhere tangent to the cross
section 0% in B (case II), then “conserved charges” H exist, and in case I, they are really
conserved.

It should be noted, in one connected component of F, that the conserved charge (R.10)
is uniquely defined up to a constant. Usually, we can choose a natural “reference solution”
go € F so that this constant, He¢[go], vanishes. Integrating the variation parameter from
0 to A (which corresponds to the solution we want to define the conserved charges.), the
conserved charge He[gs| is given by

A
o) = [“ar [ pQu-¢ e (2.14)

Just as pointed out by the authors of the paper [[[7], this definition does not depend on
the choice of the paths connecting go and g5. So the conserved charges are well defined.
In the next section, we will use the definition and give the conserved charges in AIAdS
space-times.

In the remainder of this section, we will give some preliminary analysis about the
neighborhood of boundary of the AIAdS space-times. The n-dimensional AIAdS space-
times are solutions of Einstein’s equations with a negative cosmological constant, whose
Riemann tensor asymptotically approaches to that of exact AdS space-time. A simple class



of AIAdS space-times is AAdS space-times which have boundary topology R x S"~2. For
general AIAdS space-times their boundary topology may be different from the topology
R x S" 2.

Let (M, gyx), A € R, be a smooth one-parameter family of n-dimensional AIAdS space-
times which pass through the point g5 (which corresponds to the AIAdS space-time under
discussion) in the solution subspace I'. We assume that they have the same conformal
infinity. That is to say (i) one can attach a boundary B to M such that M=MUB
is a manifold with boundary. For example B = R x 3”2 and 3"~ 2 denotes an (n — 2)-
dimensional manifold whose topology may not be that of a round sphere S"~2; (ii) on M ,
there is a family of smooth metrics gy and a smooth function © (does not depend \) such
that g\ = 2723, and such that Q = 0,

dQ # 0, (2.15)

at points of B. The metrics on B induced by gy are of the same form for all A, and can be
denoted as h. For example, for the Schwarzschild-AdS black holes with mass parameter as
a variation parameter, their metrics can be expressed as

2\ r2 dr?
dsi = — (kj — m + £—2> dt2 + m + T2d03l,2, (2'16)
rn—3 2

where do?_, denotes for the metric of (n — 2)-dimensional Einstein space with constant
curvature (n — 2)(n — 3)k . In the case of k = 1, one can choose a conformal factor and
boundary as ) = f, B = R x 8" 2, and realize the completion described above. The
boundary metric h is an Einstein static unverse with radius /¢

ds3 | = Vds}|s = —dt® + (Pdoy,_,. (2.17)

For h and each A, in the neighborhood of B, there exists a unique conformal factor py or
coordinates x) = (py,y) in which the metric takes the form [p1, B

PR9r = Gx = dp3 + hp,
hpy = ho + pa(ho)1 4+ P8 ()1 + (@)n—1py  Inp} + - (2.18)

where Em is chosen such that %pA:O is equal to the metric 7L0 = h on B, and in the
neighborhood of the boundary B,

(hpx)ab()\)ebp)\ = 07 (g)\)ab()\)eap)\()\)ebp)\ = 17 (2'19)

where ()‘)6(1 is the covariant derivative associated to gy. (Em)ab is the induced metric on

the surfaces B,, , the time-like surfaces of constant p) with coordinate y. In fact, py is just

2%
the distance from the point to the boundary. Here, for simplicity, we have set the AdS
radius £ = 1.

Straightforward computation shows that the Riemann tensor of (R.1§) is of the form
of exact AdS up to a correction of order ,0;3 [T, 3. The asymptotic analysis reveals that

all coefficients shown in (R.1§) except the traceless and divergenceless part of (hy),—1 are



locally determined in terms of boundary data. So, (7L z)j, for j < n — 2 are independent of
A. The logarithmic term appears only when n is odd, if one considers the pure gravity case.
This term is important in the context of AdS/CFT in odd dimensional A1AdS space-times,
which reflects the anomaly in the even-dimensional dual conformal field theories [24].
Assume that the coordinates of point p € € x B (The neighborhood of B has a direct
product form, we denote it by € x B, where € is a small quantity.) are x)(p) = (pa(p), y(p)).
Consider differomorphism ¢, of M which has a restriction on the neighborhood of B

bo: €EXB — exB, p — ¢s(p) (2.20)
with ¢, (p) satisfying
A (06(p)) = (PA+o(P),y(p)), VAER (2.21)

where € is small enough such that these coordinates are well defined in € x B for all A. Then
¢, forms a one parameter transformation on € x B. If the vector field which generates ¢,
is denoted by (, then we have

Lan®) = i~ [(635) — ) ()

= tim — [63(d53 + ) — (A + )] ()
:gé@mwﬁ%ﬁ@—@%ﬁﬂ@
_ ;IL%% :<dp§\+o +Em+a) - <dp§ +Em)] (p)
_ lzd (%) dpx + %h—p”;%] ()
Thus, we have ~
Legn = 2d (%) dpx + %h—p”;%- (2.22)

It should be noted that the restriction of ¢, on B is an identity. So, the vector field { must
vanish on B if it generates ¢, in € x B, i.e., it corresponds to a gauge freedom according to
the asymptotic symmetry transformations. Consider the variation of gy at \

d . d ~
Sl = (@] + By (223)

With the help of (R.1§) and (2.22)), in the even dimensional case, one has

d _ d oh,. d
ol = [2d<ﬂ>dm+ oy 2P

d ~
n—1 % _ 7}—1
By ooy dx | TP ntli+ 003

- X
b

o d gy -
= Lcx+ 05 ox (ha)nalx + O(057). (2.24)

Thus, if the change of p) with A gives a contribution to the variation of gy, then this
contribution is just a Lie-derivative of g5 about one vector field which vanishes on the
boundary B. This equation is very useful in our analysis below. The same derivation will
be done for giving the variation of the electric part of Weyl tensor in the next section.



3. Conserved charges in even dimensional A1AdS space-times

To give the explicit form of conserved charges in AIAdS space-times, we need to analyze the
field equations. Our analysis here is similar to that of Hollands et al. [[2]. The difference
is that we are treating even dimensional AIAdS space-times instead of the AAdS space-
times considered in [[J]. Therefore the result is modified so that we can calculate the
conserved charges of more general solutions to which the method of Ashtekar et al [[L(] is
not applicable. The reader who wants to know more details of this procedure may refer to

the paper [[2.

3.1 Analysis of Einstein equations

To analyze Einstein’s equations, we follow [IJ] and introduce the tensor field for each X in
the AIAdS solution family gy 4 described in the previous section

(S\)ap = %(Ek)ab - RA(G2)abs (3.1)

N S
(n—1)(n—2)

In terms of this field and the coordinates of (R.1§), in the neighborhood of B, Einstein’s
equations can be rewritten as

(Sn)ab = =205 " OV (72 (3.2)

Treating p) as “time”, one can obtain the equations of “constraint” and “evolution” by
using standard ADM decomposition. The constraint equations are

— R — (K\)ap(K))™ + K3 +2(n — 2)p3 ' K = 0, (3.3)
N DUK )y — VDyKy =0,

where Y D, is the derivative operator associated with (7L>\)ab, (I?}\)ab = —(ﬁA)ac(ﬁA)bd () x
Ve(ny)a is the extrinsic curvature of the surfaces B,, (with respect to the unphysical
metric). Here we have denoted (h,,)ay by (h))a for simplicity, and R is the intrinsic

Ricci scalar of B,,. The evolution equations are

d - _ _ ) _ e
E(Kx)ab = (Ra)a” + Ka(Kx)a" + p3 ' (n = 2)(Kx)a" + py B, (3.5)
d ~ I
d—p)\(h)\)ab = —=2(hx)pe(Kn)a" (3.6)

By assumption, B is a smooth boundary, which implies that the fields (?L)Jab and (IN( \)ab
must be smooth in a neighborhood of B. Consequently, multiplying the first evolution
equation by py and evaluating on B, one can immediately get

d

(K))abls =0 = E(%A)ablg- (3.7)



To investigate more systematically the consequences implied by eq. (B.§) and (B.6), we
express them in terms of the traceless part (py)a” of (K3 )q" and use the familiar technique—
Fefferman-Graham expansion [Bj]:

(ha)ap = <7mb>0 + pa ((Ex)ab)l 4ot ((%)“b)n_l + o7 ((%)ab) T

n

B = (B0a"), +oa (Baa’) +-+ a7 (BN) 68 (V") +--. (38)

n

The logarithmic terms have not been included because we consider even dimensional cases
only, where each tensor ((h)\)ab) . ((@\)ab)j are independent of py in the sense that the
j

Lie-derivative along (71,)® vanishes. Substituting the above expansion into (B.H) and (B.6),
one can obtain the following recursion relations

=29 (B) = (R0.) - (Ry) o

n—1

-SSR, (99),, 9)
a1y (1), - (®),, - S (R), (R), .
and -
3 (00), =25 [(G), (50, ,_, 5 (@0), (8, ]

(3.11)
The “initial conditions” are, from eq. (B7),

<(1’5A)a”>0 - ([?A)O —0, (3.12)

and (hgp)o = hgp is the metric of the boundary B. The key point of these equations is
that ((ﬁ,\)ab) ~and <(I~( )‘)ab>l are uniquely determined in terms of the initial conditions
J

for j <n—1and [ <n — 2. Therefore they are independent of A. Thus, we have

d ~ o 8(};)\)ab% nfli T - n
awmm—< I ) o5 ((a) —s+00h.  (3.13)

As a result, any quantity that depends only on <(7L)\)ab) ~and ((I?}\)ab)l inrange j <n—1
J
and [ < n — 2, must be automatically independent of .

The analysis of the recursion relation (B.9) for j = n — 2 and constraint equation
tell us that [[J], once the traceless, symmetric tensor ((ﬁA)ab)n_Q with the divergence
(determined by the constraint equations) is given, all tensors ((ﬁx)ab)j and <(E>\)ab> ~are

j

uniquely determined for j > n — 1 via the evolution and constraint equations. Thus, this
tensor carries the full information about the metric (g )., which is not already supplied by



the boundary conditions, i.e., the “non-kinematical” information. The tensor ((ﬁ)\)atl’)?%2

is related to the electric part of the unphysical Weyl tensor, as we will show shortly. From
the definition of the tensor field (Sy ), we have

(R abed = (C\)abed + @) ale(S\)ap — @)b(c(S\)da - (3.14)

Using Einstein’s equations, the definition of extrinsic curvature and the Gauss-Coddazi
relation, we have

(C)ea(Tn)? () = —(K\) % (K2 )be + La, (K2)% — py 1K) % - (3.15)

This equation can be expanded in powers of py like the metric. We thereby obtain equations
for the expansion coefficients. At the order n — 3, one has the relation

- i 3 <(C~1)\)acbd(ﬁ)\)c(ﬁ)\)d>n73 = ((f(,\)ab>n72 - i 3 "i?’ ((f()\)ac>

(B0, .,

(3.16)

However, the coefficients appearing in the sum are independent of A, and they are deter-

m

mined by boundary data. Consequently, we can obtain the variation relation

% [n i 3 ((éA)acbd(ﬁ)\)c(ﬁA)d)nJ)\ — % [((IN{A)GOHJA. (3.17)

It is easy to see, at order j < n—3, the coeflicients of (@)abcd(m)b(m)d are independent of
A because they are fixed by the boundary data as we mentioned above. Thus, the variation
of these coefficients are zero, i.e.,

2| (@atin@n) | =o. (318)

A

Combining (B.1) with (B:17), we get

% [n i 3 ((éA)acbd(ﬁ)\)c(ﬁ)\)d) N_J - % {_” g 1 ((ﬁ,\)ab>n_1} . (3.19)

Substituting this result into (B.13), we immediately have the following equation

d ~ 8(};)\)abdp)\ 2 1 d 1 ~ ~ ~ \d
E(hapls = | T2 2eb A=t © O )acha(7ir)° O(p7).
7 (I )abls [ oor | —1" o3 (( Macbd(12)€(723) )n73 T (»3)
(3.20)
The similar procedure to deduce eq. (:24) can be used to (Cy)acpa(72)¢(7x)¢, and once

d

again one gets that the variation of (éx)acbd(ﬁx)c(ﬁA) can be divided into two parts (In

fact, any quantity which can be expanded as (B.§) always has such a variation relation)

% (53)cwbd(ﬁx)c(ﬁx)d}X = L¢ {(@)abcd(ﬁx)b(ﬁx)d]

+P§_3% [((6A)abcd(ﬁ>\)b(ﬁ>\)d> L +0(p}?). (3.21)

n—3



Multiplying this equation by p‘;é\*” and considering L¢py = %%| 5, We arrive at

[P @) )] = £¢ [0 (G )ucnai3) 3]
+% [((aA)acbd(ﬁA)c(ﬁ)\)d)

Define the electric part of the unphysical Weyl tensor as

(Bxlas = 5" (Cdaasali) )" (323)

n—3

L +0(py). (3.22)

It should be noted here, although (E,\)ab may be divergent when p) approaches to zero, the
variation %(EA)M, is always finite if one fixes the conformal factor as a gauge condition,
which can be understood from the above discussion. In what follows, we will treat only
the difference or variation of this tensor under the gauge as we mentioned above. In that

case, the divergence will not appear. By using eq. (B.-20) and eq. (B.29), we have

d ~ 3%)\ abdp)\ 2 n— ~ 2 n— d  ~ n
o )alx = [%ﬁ T LL(E)ab — 1P la(E)\)abb\ + O(p3)-
X
(3.24)
At this stage, we deduce an important result in this section
d . - 2 ~ 2 ,d = n
E(QA)abL’\ = Lc(93)ab + mpj\ lﬁc(Ex)ab - mpj\ IE(E)\)abk\ + O(PS\)- (3.25)

Thus the variation of gy can be splitted into two parts: the first part is given by the
dependence of py on A, and can be regarded as a result of trivial differomorphism which is
generated by the vector field ¢, and the second part is given by the “dynamical information”
of the system. Therefore we will mainly concentrate on the second part below.

3.2 Derivation of conserved charges

The parts related to the Lie-derivative in eq. (B.25) correspond to the gauge freedoms, they
can be gauge fixed away. We fix p) to be p = p5 such that ¢ = 0, and consider the variation

of the form
d 2

~ n— d =~ n
a(g)\)abb\ =" la(EA)abL’\ +0(p"). (3.26)

Recalling that p has been regarded as a fixed function which does not depend on A, after
integrating A from 0 to A\, we have

(9x)ab — (g0)ab = — p" ! [(ES\)ab —(Eo)ap| +O(0"), (3.27)

n—1
where go has the same conformal infinity as g5 and plays the role of the metric of the
reference background solution. Here we have already assumed that gy and g5 belong to the
same connected component of the solution subspace; therefore, there is a smooth path that
connects them. We emphasize that, although (E)\)ab may be divergent when p approaches

to zero, the difference [(Ej\)ab - (Eg)ab is always finite once one fixes the conformal factor

to be p. In other words, the leading order of the variation of (EA)ab and (E;\)ab — (EO)ab]
has the form p3~—".

,10,



Following [[[J], we view g5 with the expression (B.27) as a “gauge condition” on the
metric, i.e. as a particular representative in the equivalence class of metrics which is
diffeomorphic to g5. The (on-shell) metric variations respecting this gauge choice (with py
be fixed as p) therefore take the form

A (omasls = () + Lafg3)a (3.28)

where the first piece (73)aqp is @ metric variation of the form

2

L d .
= (Bl + 00", (3.29)

X

(’Yj\)ab = -

and the second piece is an infinitesimal diffeomorphism generated by an arbitrary vector
field 7 respecting the gauge choice, i.e., a diffeo satisfying £,g0 ~ O(p"), where g is the
metric of reference space-time. Thus,

Lolgr)as =~ 0" Ly [(Br)w — (Bo)a] + 05", (330)

Inserting these expressions into the definition of the symplectic current form w(g, d19,d29),
we see that w|g = 0. Hence, the conserved charges H exist and are indeed conserved.
The variation of Noether charge (n — 2)-form is [[[J]

d 1 ~wd =~ ..
J(Qk)al...an_z Ix = %(ei)ay--anabc(nf\)ba(EA) d£d|5\ +O(p) . (3.31)
Using the relation
ey =my AP Ve=n Aun e, (3.32)

among the n-dimensional volume form, the induced (n — 1)-dimensional volume form of
the boundary B and the (n — 2)-dimensional volume form of the cross section 9%, we can

rewrite eq. (B.31)) as

d -1 d ~
R (n—2)~ ¢~ ¢d
d)\ (Q)\)alman—Q |)\ 87TG d)\ |: eal---an—Q (EA) ducg :|5\ 9 on B (333)

A similar calculation can be done and gives @5|g = 0. Thus, we have

d L i L —1 i I ~bea 3Q
FHeols - [ folh- g |5 [ Eowiteds| o e

Integrating this equation over A from A = 0 to A, yields

He¢lgy] — Helgo] = $5G s

{(EX)ab - (EO)ab] abe ds. (3.35)

Choosing H¢[go) = 0 for all asymptotic symmetric representatives £, we get the result

Helgs] = o—= o [(ES\)ab — (Eo)ab} abee ds, (3.36)
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which can also be expressed by Weyl tensor

Helgs] = Wnl_g) /az lifgp‘%" {(Cf\)acbd(ﬁx)c(ﬁx)d - (CO)acbd(ﬁO)c(ﬁO)d} ub® ds.

(3.37)
This is nothing, but the one we obtained in this paper for the expression of conserved
charges for AIAdS space-times, This expression is conformal invariant, so in fact we can
choose a more simple conformal factor instead of p (for example, Q = 1/r in section B
to calculate the conserved charges. In AAdS space-times, the reference space-time is fixed
to be an exact AdS space-time which is conformal flat, and in this case the above for-
mula (B.37) reduces to the definition of Ashtekar et al [[Ll0]. For a general AIAdS space-
time, however, one has no prior background which can be chosen as an appropriate reference
background solution.

Although we have discussed only the even dimensional cases, it is easy to see that the
above procedure can be extended to the more general AIAdS cases where the Fefferman-
Graham expansion like (B.§) without log terms can be implemented. For example, one can
find that in the static AIAdS space-time setting with Ricci flat boundary, for both even and
odd dimensional cases, no log terms arise in the expansion [] Thus, the same conserved
charges for those space-times can be defined as eq. (B.37). As an example, in section [ we
will calculate conserved charges for (un)warped black brane space-times, which belong to
such a kind of space-times.

4. Taub-nut-AdS and taub-bolt-AdS space-times

Taub-Nut-AdS and Taub-Bolt-AdS solutions are A1AdS solutions. For example, in the Eu-

clidean sector, their boundaries are U (1) bundles over S? x - -- x S? for 2k + 2 dimension!,
————

k
their metrics can be expressed as [B7]
dr? =k
ds®> = F(r)(dr 4 2n cos 0;dp;)* + + (r? —n?) Z(d@? + sin? 0;d¢?), (4.1)
F(r) P
where ¢ is summed from 1 to k and F(r) is given by
r "T(s2—n®F 2k +1(s? - n?)kt! 2Mr
F(r) = (R / [ = + 2 ds — T (4.2)

One can find F(r) ~ Z—; when r approaches to infinity. If we choose the conformal factor

as = %, the boundary metrics have the form
d3%|p = Q%ds?|p ~ (dr + 2n cos 0;de;)” + €2 (d6;> + sin’ 0;dp;”) . (4.3)

It is easy to find that these boundaries are trivial bundles (i.e., direct product manifolds
St x 82 x .-+ x §2) when the Nut charges vanish. Therefore non-vanishing Nut charges
give rise to the non-triviality of the bundles.

"Where S? x --- x 5% is called base space. It may be other Einstein-Kahler manifold, for example
T2 x - xT? 82 x---x82xT?x---xT? and CP(k). We only consider the sphere cases in this paper.
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Before calculating their conserved charges, the following points are worthwhile to stress:
(i) Note that the Nut charges n appear in the boundary metrics, we conclude that solutions
with different nut charges have different boundary metrics. Thus we can not view a solution
with Nut charge ny as a reference solution for calculating conserved charges of another
solution with different Nut charge ny. This is very different from the AAdS case where the
boundary is fixed to be Einstein static space-time. (ii) Since our formula is background
dependent, there is some freedom to choose the reference solution. Hawking et al. 2§ and
Chamblin et al. [RJ] have argued that one can use 4-dimensional Taub-Nut-AdS solution
as the reference solution, when considering Taub-Bolt-AdS black hole solutions. They
have calculated the corresponding thermodynamic quantities of 4-dimensional Taub-Bolt-
AdS solution by using “background subtraction” method. The resultant thermodynamic
quantities obey the first law of black hole thermodynamics. Using “Noether charge” method
Clarkson et al. [B{] have computed the conserved charges (QNoether) by treating the Nut
solutions as reference solutions in higher dimensional cases. They also have computed
these quantities (Mpolt, MNut) by using the “boundary counterterm” method and found a
relation between them:
QNoether = Mol — MNut (4.4)

Motivated by these works and to compare our method with other methods, in this section,
we will select the Nut solutions as reference solutions. Then we calculate the conserved
quantities for 4—,6—,8— and 10-dimensional cases by using our new formula (B-37). Our
results agree with those given in [B(] in any dimension. Furthermore, let us note that
if chooses a massless solution, but with the same Nut charge, as the reference solution,
one can also get finite results, as shown below. In that case, our results are the same as
those resulting from the “boundary counterterm” method. For simplicity, we will mainly
consider the Euclidean sector for these metrics. The quantities in the Lorentzian sector
can be obtained by analytically continuing the coordinate 7 and also the parameter n (i.e.,
one replaces n? with —N?).

4.1 Four dimensional solutions

The four dimensional Nut charged AdS solution has the following form [7]

ds®> = F(r)(dr + 2ncos 0dp)? + F(r) " tdr® 4+ (r? — n?)(d6? + sin® 0d¢p?), (4.5)
where F(r) is given by
F(r) = m [2(r* + n?) — 2Mre* + (r* — 6n*r? — 3n%)] . (4.6)

In order for this solution to describe a Nut solution, the mass parameter has to be fixed

to be
n(f? — 4n?)

02 ’
so that F(r = n) = 0 and the dimension of the fixed-point set of 0. is zero. Fixing the

M, = (4.7)

mass parameter at this value, F(r) is then given by
r—n

FE,(r) = (1+ 672(7’ —n)(r + 3n)). (4.8)

r+n
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On the other hand, the Bolt solution is given by

2 — 2Myr 4+ n? + 6_2(7“4 — 6n2r? — 3n4)

F(r) = Fy(r) = e : (4.9)
where 12 42 1 nA
with 2 2 n4
Tpr = Ton <1 + \/1 — 486_2 + 1445_4> . (4.11)

For r, to be real the discriminant must be no-negative. Furthermore, the condition must

1/2
n < <1 - ﬁ) L. (4.12)
6 12

Treating the Nut solution as the reference solution, we give the conserved charges of the

be satisfied: r, > n, which gives

Taub-Bolt-AdS solution, corresponding to the Killing vector 0, as 2

14

Hp, [g1] = 871G Jox

! [(al)acbd(ﬁl)c(ﬁl)d - (GO)acbd(ﬁO)c(ﬁO)d} w(0,)*dS,  (4.13)

where the subscripts “1”7 and“0” correspond to “Bolt” and “Nut” solution, respectively.
By straightforward calculations, it turns out that the leading order of the Weyl tensor for

the solution ([.3) is
~ 2M (2 1
CTT’TT‘ = CTT‘TT’ ~ : +0 < ) . (414)

rd r6

Choosing the conformal factor as f, one then has

(El)TT - (EO)TT =! [(Cl)TrTr(ﬁl)r(ﬁl)r - (CO)TTTT(ﬁO)T(ﬁO)T]
2 20°(My, — M)

~ 5
2(My, — My,)

=5 (4.15)

Note that dS, = ¢2sin 0df, we obtain the mass of the Taub-Bolt-AdS solution
AM = 0% sin 0dAd 4.1

el 7 sin o) (4.16)

_ (Mb — Mn)
—a

This is completely in agreement with the one in 29, BJ]. If one writes the metric in the
form in [2g], the same result as in [2g] can also be obtained.

2Hereafter we use the orientation convention of Gibbons et al. @] such that dgt is positive.
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4.2 Six dimensional solutions

The six dimensional Nut charged AdS solution has the metric 7]

ds® = F(r)(dr 4 2n cos 01d¢1 + 2n cos 02d¢2)2 + F(r)*ldr2
+(7°2 — 7”L2)(d612 + sin? O1dp1? + dfy? + sin® 92d¢22), (4.17)

where F(r) is given by

1
F(r)= 3207 =7 378+ (€% — 15n?)r* —3n? (20 — 15n2)r? — 6Mr0* — 3n* (€% — 5n?)] .
(4.18)
When the mass parameter M is fixed to be
4 3 2 _ €2
= (" = ) (4.19)

302 ’

this solution describes a Nut solution with F'(r = n) = 0, so that the dimension of the
fixed-point set of 0, is zero. Fixing the mass at this value, F'(r) is changed to
(r —n)(3r3 + 9nr? + (2 + 3n?)r + 3n(? — 5n?))

Fo(r) = T . (4.20)

A regular Bolt solution has the mass parameter

-1

M:M:
b7 62

3% 4 (2 — 15n%)r,® — 3n%(20% — 15n2)ry, — 3nt (02 — 5n?)/ry),  (4.21)

where ry, is a function of n and £

1

£ 7 30,

(62 + /04 1800202 + 900n4) . (4.22)

To have a real value of 7, the discriminant in the above equation must be non-negative.

n< (u) Y (423)

The condition 7, > n leads to

30

Treating the Nut solution as the reference solution, we can give the conserved charges for
the Bolt solution

g / Q7 [(C1)acba () (1" = (Co)acraliio)*(70)?| @*(0;)" aS.  (4.24)

Holol = 5773 |

By straightforward calculation, the first two terms of the Weyl tensor for the solution ({.17)
are

AT T
c rTr — C rrr ©

5 — 5 (4.25)

4An2 (0?2 — 6n2 1202 M 1
n w) +O< >

Note that the first term on the right hand side of the above equation (4.25) is independent
of the mass parameter M. Thus if we directly apply the formula given by Ashtekar et

al. [l to this six dimensional Bolt solution, obviously we will get a divergent result due

,15,



to ({.24). However, using our formula (B.37), we have

) ) . T ST T T S N> \T
(E1)"r — (Eo)+ = §Q ’ [(C1)7rrr(01)" (11)" = (Co)rrr(120)" (R0)"]
r7 402(My, — M,,)
v r?
4(My — My,)
= (4.26)
Using /g = (r* — n?)?sin 0, sin 6, one has
dS, = (*sin 0 sin odf dOydy deps. (4.27)
Finally we obtain the mass of the six dimensional Bolt solution
4 4(My, — M,
AM = (M ) ¢ sin 01 sin O2d6 dfsddy dg
87 oy £5
- %T(Mb M), (4.28)

Again, it is identical to the one in [B(].
4.3 Eight dimensional solutions

The eight dimensional Nut charged AdS solution has the following form [P7]

ds* = F(r)(dr + 2n cos 01d¢1 + 2n cos Oadgs + 2n cos O3dgs)® + F(r)'dr®  (4.29)
+(r? — n?)(d6;? + sin® O1dp1 2+ dBs% + sin? Oadpy® +dh3* + sin® O3dp3?),

where F(r) is given by

F(r) = (4.30)
_5r® + (12 — 28n?)rf + bn?(14n? — (2)r* 4 5(302 — 28n?)r? — 10Mr(? + 5n° (¢ — Tn?)
- 502 (7“2 _ n2)3

In order to have a Nut solution, the mass parameter M must be fixed as

8n(£? — 8n?)
M, = =, (4.31)

Once again by fixing the mass at the above value, the function F(r) is then

Fir) = (r— n)(5r4 + 20nr3 + (€2 + 22712)7“2 + (4n€2 — 12n3)r —35n% 4+ 5€2n2). (4.32)
5(r + n)3¢2

In order to have a regular Bolt solution we must impose the mass M as

M, — W[r’: + (0% = 28n2)r,° + 5n2(14n2 — 0%)ry® + 5(30% — 28n2)ry, + 508 (0% — Tn?) /ry),
(4.33)

where 7y, is
Tt = 56% (62 £\ — 4480202 + 3136n4) : (4.34)
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Requiring that 7, be real and also be greater than n implies that

4 —+/15 :
n < (T) L. (4.35)

Treating the Nut solution as a reference solution, we can get the conserved charges for the

Bolt solution as

5 O (€0l ) (Coucsalio) )] (0, 5. (436)

Hy (1] =

Note that in this case one has the following component of the Weyl tensor for the solu-

tion ({.29)

6/5n2(¢? — 8n?)
r6
_ 3/175(140%n* + (> (1875 — 1469n*) + 28n*(—625 + 477n*))

r8

30M (2 1
P Lo (), (30

T T
C rTT — C rrr ~

and then

Q7 [(C1) e (A1) (71)" = (C0)rrr(M0)" (0)"]
9 602(My — M,,)

o S

6(M, — M,,)

= == (4.38)

Ut =

With /g = (r? — n?)?sin 6, sin #, sin 63, and
dS, = (5 sin 0y sin 0, sin O3d0; dO2dOsddn dpadgs, (4.39)

we obtain the energy of the eight dimensional Bolt solution

My — M,
AM = g 6( b n) EG sin 91 sin 92 sin 93d91d92d93d¢1 d¢2d¢3
&G on 67

4872
- g (M, — M,). (4.40)

4.4 Ten dimensional solutions

Ten dimensional Nut charged AdS solution is given by [7]

ds* = F(r)(dr + 2n cos 01do; + 2n cos Oades + 2n cos Oz3dps + 2n cos Oudgy)?
+ F(r)*ldr2 + (7“2 — n2)(d612 + sin? 01d¢1? + dbs? + sin® Oaddy?
+ df3? + sin® O3des® + dfs® + sin? O4dps?), (4.41)
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where F(r) has the form

1
F(r) = m[%rlo + 5(€% — 45n°)r® 4 14n*(45n° — 20%)r®

+ 70n* (02 — 15n2)r* 4 3518 (4502 — 46%)r% — T0Mre* 4 35n%(9n? — (2)]. (4.42)
In order to describe a Nut solution, the mass parameter M must be fixed as

6407 (10n? — (?)

= 4.4
" 3502 (4.43)
Taking the mass parameter to be the above value, one has F(r) as
1 5 4 2 2y,.3
+ (25002 + 100n%)r? + (47n%0% — 295n*)r — 31505 + 350%n3). (4.44)

In order to have a regular Bolt solution we must impose the mass M as

1
M, = W[&fn«bﬁ’ + (502 — 225n%)r, 7 4+ n2(630n% — 28¢%)r,® + n* (7002 — 1050n2)r,3
+ n8(1575n* — 1406%)ry, + n®(315n% — 3502)], (4.45)
where
L 2 4 202 4
Foe = oo <€ + /04 90022 + 8100n ) . (4.46)

Requiring that 7y is real and larger than n implies

5—2v6 :
n < (T) ‘. (4.47)

In this case we have the conserved charge of the Bolt solution by considering the Nut
solution as a reference solution

14

Holol = 5077 |

Q7 {(61)acbd(ﬁ1)c(ﬁl)d - (éo)acbd(ﬁo)c(ﬁo)d ﬁb(aT)“ ds. (4.48)

Note that here we have

24n? (€% — 10n?)
3516
8 (—30*n? + 116%n* 4 190n°)
24518
8 (150502 — 142¢*n* + 223500218 — 224300n%)
8575710

5602 M 1
B0 (), (0

AT T
C rTr — C rrr ™
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and

1

(B — (Eo) 7 = ;52_7[(Cﬁ)7rrr(ﬁl)r(ﬁl)r —(Co)"rrr(10)" (R0)"]
9 802(My — M,,)
7] r9
8(My — M,,)
In ten dimensional case, one has /g = (7“2 - n2)4 sin 64 sin A sin 63 sin 84, and
dgq— == €8 sin 91 sin 92 sin 93 sin 94(191 d92d93d94d¢1 d¢2d¢3d¢4 (451)
Thus, we obtain the mass of the ten dimensional Bolt solution
M, — M,
AM = ¢ 8( b n) ES sin 91 sin 92 sin 93d91d92d93d¢1 d¢2d¢3
87TG on 69
25673
=G (My — M,). (4.52)

At the end of this section, we give the mass formula for a general Nut charged AdS
solution in 2k + 2 dimension, which has the form ({£.1)). The Nut solution is obtained by

fixing the mass parameter as [B(]

n2k71 N (3—2k> T (k) + 1)
M, = ——— [(* — (2k + 2)n? 2 4.53
w= e [ @k o] =T (4.53)
while the Bolt solution corresponds to the case with the mass parameter
k i 2i,.2k—2i—1 k+1 i 20, 2k—2i+1
1 k\ (—1)'n* 2k +1 k+1Y\ (—1)'n*

=5 | () S B () S|

2 |\ (2k —2i—1) 14 P i (2k —2i+1)

where r, > n is determined by F(ry) = 0 and F'(r}) = m For these general Taub-
Bolt-AdS and Taub-Nut-AdS solutions we find
~ (n—2)(My — M,)

ETLT - ETO,T = ) AM =

(n — 2)(4m)"=D/2(M, — M,)
gn—l—l .

8rG
This result coincides with that in [B(], where those authors get the result by using “bound-

ary counterterm” method and “Noether method”.

(4.55)

5. Four dimensional kerr-taub-nut-AdS solution

In this section we discuss the case of four dimensional Euclidean Kerr-Taub-Nut-AdS space-
times, which has the form [B2]

V(r) (dr — (2N cos @ — asin?0)d¢)?) + H(0) sin? 0 (adr — (r? — N? — a?) d¢p)?
x*(r2 — (N + a cos 6)2)

dr? . do? )

V(r) = H(0))"

ds® =

+(r? = (N 4 a cos6)?) < (5.1)
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where

qN? n (2N + a cos)?

4 _ 22 2.2 _ 2, 2 2
Vir) = 2_2+((q 2)N gga +0%)r —2M7°—(a+N)(a N)E(QqN +0¢+ N )(5.2)

The periodicity in 7 and the parameters ¢ and y are chosen so that conical singular-
ities are avoided. In the (6,¢) section these considerations imply that ¢ = —4 and

x =1/y/1+a?/12.

For this solution, a straightforward calculation gives

~ . 2M 2 1
Clrrr = Crppp ~ 5 +O(E)7
~r . 3M2(asin?6 — 2N cos6) 1
C rér — C rer ™ 5 +0 <E> . (53)
The conformal boundary volume has the form
~ 02
dS; = —; sinfdfdg. (5.4)
X

In this case we choose the massless solution, namely the case with M = 0, as a reference

solution. Thus we find

(E1)7r = (Eo) 7 = Q7 [(C1) e (71)" (711)" = (C0)" prr(70)" (7i0)"] (5.5)
o 202M  2M
TS T By

and the conserved charge associated to 9,

¢ 2M (2 1M
Hy = —— ——sinf0dfdp = ——-. .
5= /a s dddd = (5.6)

Similarly we have

(E1)7g — (o) = Q7 [(C1) rgr (1) (711)" — (Co) rgr(7i0)" (7i0)"]
f 3M (asin? @ — 2N cos® 0)¢>  3M (asin? 6 — 2N cos® §)

G r5 B » (5:7)
l 3M (asin?@ — 2N cos? §) (> 1 Ma
Hy = — sin0dfde = ——. .
2 = 5o - 7 a sin ) G (5.8)

These results are just what Mann obtained in [BZ], but he used the “boundary counterterm”
method.

It should be noted here, that the energy E and angular momentum Jy are defined
as B = Hp, and Jy = —Hp, in the Lorentz sector. The relative sign difference between
definitions of energy and angular momentum can be traced back to its origin for the Lorentz
signature of the space-time metric as mentioned in [[J]. This can be understood by noting
the definitions of energy and angular momentum of a particle in special relativity: £ =
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—pat® and J = +p,¢®. In the Euclidean sector, the relative sign difference disappears, and
the Hamilton associated to Oy is just the angular momentum. In the next section, we will
calculate the energy and angular momentum of higher dimensional Kerr-AdS solutions with
Nut charges, and the relative sign difference will appear because we consider the solutions
in the Lorentz sector.

6. Higher dimensional kerr-AdS solutions with nut charges

The higher dimensional Kerr-AdS solution with Nut charges has been given recently in [BJ]

2, 2 2, 2 2 2
Pt o PTHT o X 27 \2 Y 2,2, P47 o
ds? = ——dp®> + Y——d¢® + dr + q°do)” — dr — p°do)® + ——d);,
X Y p2—|—q2( ) p2+q2( ) gl 6.1)

where 1 1

X :fy—ep2+€—2p4+2Np1*k, Y:fy+eq2+£—2q4—2mq1*k, (6.2)
and dQ% is the metric on the unit sphere S*, (v, m, N) are three independent continuous
parameters, which are related to the angular momentum, mass and Nut charge, respec-

tively, € is a dimensionless constant, and ¢ is the AdS radius. If we take the parameters

in (6.9) to be

1
v =d?, 6:1+€_2a2’ m= M, (6.3)
define
2 2 r? 1—k
A, = (r“+a”) 1+€_2 —2Mr 7",
2
Ay = 1—(2—2C0820,
a2
o = 1_6_2’
p° =12+ a?cos?h, (6.4)

and choose a set of new coordinates as
a 1
p=a cosf, g=r, T=t—=2¢, oc=-—9, (6.5)

then we can rewrite the solution (p.J) in the form

A a 2 p2 p2
2 T 2 2 2
ds® = Tz <dt — gsin 9d¢> + A—Tdr + A, 5 Do dao
a2 sin? 0
Ansi 29+ 2N (acos@)1—F 2 9 2
4 2 = < <adt— A d¢> + 12 cos? 9dS22. (6.6)

When N = 0, this metric reduces to the metric obtained in [B4], which describes a higher
dimensional Kerr-AdS black hole with a single rotation parameter. Note that in the four
dimensional case, this solution (f.6) seems not completely the same as that given in (f.1)).
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Taking the massless Kerr-Taub-Nut-AdS as the reference solution, namely the solution
with M = 0, we can calculate the conserved quantities associated to killing vector fields
O and 9, of the solution (B.J]) in the coordinates (t,r,6,,---), according to the following

formulas

Hy,[91] = m /az 132 o [(51)acbd(ﬁl)c(ﬁ1)d - (60)acbd(ﬁ0)c(ﬁ0)d] a’(9y)* dS,
(6.7)
and
Hy, o] = m /8 1m0 [(C)acnaF10) (1) = (Coacta(o) (o) | 7(2)° d5,
(6.8)

where the conformal factor is taken to be %.

6.1 Four dimensional solutions

In four dimensional case, we find

- 2
Ctrtr = M +0 <i> )

5 76
~ —3Masin? 602 1
t _
The conformal boundary volume has the form
~ 62
dS; = — sin0ddg, (6.10)
and
(E))'s = (Eo)'s = Q7 [(CV)rer (1) (1) = (C0)' e (70)" (0)']
5 202M  2M
Thus the conserved charge associated to 0; is
¢ 2M (2 1M
Hy, = — —— —sinfdfdp = ——. 6.12
%= 5nG fo 5 = SO0 = o (6.12)
Similarly we have
(B))'s = (Eo)'y = Q7 [(C1) (1) (1) = (C0)' e (7i0) (70)"]
N _7“_5 —?ﬂ%zsin2 602 _ _?)Misin2 0, (6.13)
05 Erd =63
and o s
14 3msin“ 6 /¢ 1 Ma
Hy, = —sinfdfdgp = —— —-. 6.14
% = 5nG o =@ = om0 =~ (6.14)
Thus the associated angular momentum is
1 Ma
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According to the definition [BI]], the “conformal mass” of the solution is

a 1M

Me=Ho+@lo =gz

(6.16)

which satisfies the first law of thermodynamics. We note that the mass and angular mo-
mentum of the Kerr-Taub-Nut-AdS solution have completely the same form as those of the
Kerr-AdS solution.

6.2 Six dimensional solutions

For six dimensional solution, we have

~ 6N(2  12M? 1
Cly = O —=
" g cos 0 * r? * <r8> ’
~ TN(*sin?0  15Masin®6 1
Clrpr = — - o). 6.17
rér =Zr6cosf =r? * <r8> (6.17)
The conformal boundary volume takes the form
~ /A
dS; = = cos” 0 sin dOdpdSy, (6.18)
and
~ ~ 1 o s
(E1)' — (Bo)'s = 39 PO e ()" (1) = (Co)trer (7i0) (R0)"]
7 402
rf40cM  AM
Thus we obtain the conserved charge associated to 0;
4 4M A, 187 M
Hat = R o5 £—5§ COS 681n0d6d¢d92 = 53—5 (620)
Similarly we find
~ ~ 1 o s
(Bn)'s = (Eo)'s = 397 [(C1)'rar (M) (71)" = (Co)'ror(R0)" (R0)"]
N_r_75M(isin20€2:_5Misin267 (6.21)
o =07 =65
/ 5Masin? 0 ¢4 9 . 1 47Ma
Hy, = S7G | 26 = cos” 0 sin 0dfdpdly = G 3= (6.22)
The associated angular momentum is then given by
1 4rMa
and the “conformal mass” of the solution is
a 4T M 1
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6.3 Eight dimensional solutions

In this case we have

~ 6N (2 N (a? 4 602 +19a% cos? §)  30M¢? 1
Ct”":b‘s 39 ( 8.3 a3 )+ o tO0 (75 )
r%a3 cos3 0 r8a3 cos3 0 T r
5tr¢>r _ 5N (2 sin2€ N2(50% + 224> Sos2 ) 35Ma€isin2 6 L0 1 . (6.25)
r6a2 cosd 0= r8a? cosd 0= r9= r10
and
. - 1 o o
(E1)' — (Eo)'t = R ?[(C1) rir ()" (1) = (Co)'rir(120)" (0)"] (6.26)
r? 602M  6M
N E e T
Note that the conformal boundary volume has the form
~ 48
dS; = = cos™ 0 sin 0dOdpdSLy. (6.27)
We obtain the conserved charge associated to 0y
1 6M 5, . 1 872M
Hat = % o5 f—7§ cos™ 0 sin 9d6d¢d94 = 5 5= (628)
Similarly we find
- - 1 o o
(E1)'y — (Eo)'s = EQ * [(C1)! e (1) (1) = (Co)rgr(R0)" (Ti0)"] (6.29)
r9 7TMasin? 642 _ TMa sin? 6
TTe =S T B
Y4 TMasin? 6 ¢6 44 .3 1 8m2Ma
Ha¢ = 3nC o5 567 E cos” 6 sin 0d6d¢dQ4 = —EW (630)
Thus the angular momentum is
1 872Ma
=_—Hy =————~ 31
Jo=—Hp, = =10, (6:31)
and the “conformal mass” of the solution
a 812 M 1
M, = H, —Jy = 24 —). 6.32
6.4 Ten dimensional solutions
This case gives
ot 6N (2 N2 (6€2 + 3a? + 17a2 cos? 9)
T 605cos5 0 r8a5 cosd 0 ’
N N2 (3 (a4 + a?0? + 2@4) —a? (a2 — 1762) cos? 6 + 40a* cos? 9)
r10a5cos®
56 M (2 1
e (1)
ot 3N/2sin? 0 N 3NL2(0? + 6a% cos? 0) sin” 0
T T T 1604 cosd 0= r8at cosd 0=
B 3N (14 + 6a2€21goz2 0 —g 1Ea2 cos 0) sin? 0 B 63Ma1€ffin2 0 L0 (%) - (6.33)
riUa% cos® O= rll= T

— 24 —



The conformal boundary volume has the form

~ 8
dSy = —= cos® 0 sin 0dfdpdSds, (6.34)

Note that

(B — (Eo)'y = %Qf? [(C1)frir(72)" (P1)" = (Co) i (70)" (R0)"]

r182M  8M
~ ﬁ—rll — 6—9 (635)
We find the conserved charge associated to the Killing vector
4 8M (8 1 64m3M
Hp, = —— | —5= cos® Osin0dfdpdQs = — : 6.36
0= rG oy @ 7 08 Osin0d0d0d = Fnes (6.36)
Similarly one can get
~ ~ 1 o o
(BV)'s = (E0)'s = =77 [(C1)'rr (1) ()" = (Co)'ror(R0)" (7o)
r1 9Masin? 602 9Masin® 6
T E T Ee (6.37)
I 14 9Masin? 9 ¢8 6 39d9d¢)dQ 1 1673 Ma (6.38)
= — cos” #sin = .
% 787G Jps =0 E 07 TG 10522
Thus the solution has the angular momentum
1 1673 Ma
Jo=—Ho, = 55722 (6.39)
and the “conformal mass”
a 1673 M 1
M. = Hpy, + €—2J¢ = 105Gz (3 + E) . (6.40)

7. (Un)wrapped brane

The black brane solutions with flat transverse space in n-dimensions are also A1AdS space-
times. Their metrics can be written as [B,

ds® = —A(’I“)2dt2 + + 7’2(d$12 4+ 4 d$n722) (7.1)

A(r)?

where A(r)2 = —2M/r"=3 + r2/%2. In this metric, at least one of the transverse direc-
tion x; should be compactified so that parameter M cannot be changed by rescaling the
coordinates. Thus, the non-vanishing conserved charge is the mass only. Choosing the

background reference solution as M = 0, we have

(n—2)M

it
E t yn—1

(7.2)
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The boundary conformal volume element has the form
dS; = 0" 2dv, (7.3)

where dv denotes the volume element of n — 2-transverse space. We thus obtain

¢ (n—2)M (n—2)M
H, — n=2g, = P~ 2N 4
% = 31 / o s (7:4)

where V represents the volume of n — 2-transverse space. This result is the same as that
of [[[4, [3]. Note that this solution gives an example which has a Ricci flat boundary, so that
the Fefferman-Graham expansion without log-terms can be done in any dimension [2{], and

the conserved charges can be defined as in (B.37).

8. Conclusion and discussion

In this paper, based on the work of Hollands et al. [[J], we derive a formula of calculating
conserved charges in even dimensional asymptotically locally Anti-de Sitter (A1AdS) space-
times by using the covariant phase space definition of Wald and Zoupas [I9]. Our formula
generalizes the formula proposed by Ashtekar et al. [f, []. This formula is background
dependent. We therefore have to specify a reference solution when we calculate conserved
charges for a certain AIAdS space-time. Using this formula we calculate the masses of
Taub-Bolt-AdS space-times by treating Taub-Nut-AdS space-times as reference solutions.
The resulting masses agree with those obtained previously by “background subtraction”
method and “boundary counterterm” method. We also discussed the conserved charges
in four dimensional Kerr-Taub-Nut-AdS solutions and higher dimensional Kerr-AdS solu-
tions with Nut charges by treating the corresponding massless solutions as the background
reference solutions. For these higher dimensional Kerr-AdS solutions with Nut charges,
these conserved charges are obtained at the first time. In addition, as a further example
of AlAdS space-times, the mass of the (un)wrapped brane solutions in any dimensions is
also studied.

It is interesting to discuss the odd dimensional case. However, some log terms will
appear in the Fefferman-Graham expansion in this case. Therefore it will fail by naively
applying the same procedure as is exhibited in this paper to the odd dimensional case.
Nevertheless, we have found that the similar conserved charges can be defined for any
dimension if the static AIAdS space-times have Ricci flat boundaries.

Topological AdS black holes also belong to a kind of AIAdS space-times, and they may
have nontrivial horizons and boundary topologies (see for example [B7—[0, B5]). This study
is motivated by the discovery of Bafiados-Teitelboim-Zanelli (BTZ) black holes [I]], which
are exact solutions in the three-dimensional Einstein gravity with a negative cosmological
constant, and are locally equivalent to a three-dimensional anti-de Sitter space. The method
of Ashtekar et al. can not be used directly to compute the conserved charges of these black
hole space-times. So, it is interesting to discuss the conserved charges of these solutions by
using our new formula.
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The examples discussed in this paper suggest that in even dimensional AIAdS space-
times, a relation of “surface counterterm method” to our method

He[g] = Qelg] — Qelgol, (8.1)

where Q¢[g] is the conserved charge obtained by using the “surface conterterm” method
for a solution g and Q¢[go] is the one corresponding to the selected reference solution go.
If g is an AAdS space-time, this relation reduces to

He¢[g] = Qelg] — Qe[AdS]. (8.2)

This case has been discussed by Hollands, Ishibashi and Marolf in the paper [[i2]. They have
used general arguments based on the Peierls bracket to compare the counterterm charges
and the Hamiltonian charges defined in [l9] in any dimensional AAdS space-time. In the
even dimensional AAdS case, the counterterm charge of exact AdS space-times vanishes,
while in odd dimensional case the counterterm charge Q¢[AdS] corresponds to the Casimir
energy of the boundary CF'Ts. So, it is interesting to find to what the counterterm charges
Q¢lgo] correspond in the boundary CFTs as one considers the general AIAdS cases.
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